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Atomic manipulation and interface engineer-
ing techniques have provided a novel approach
to custom-designing topological superconductors
and the ensuing Majorana zero modes, repre-
senting a new paradigm for the realization of
topological quantum computing and topology-
based devices. Magnet-superconductor hybrid
(MSH) systems have proven to be experimen-
tally suitable to engineer topological supercon-
ductivity through the control of both the com-
plex structure of its magnetic layer and the in-
terface properties of the superconducting surface.
Here, we demonstrate that two-dimensional MSH
systems containing a magnetic skyrmion lattice
provide an unprecedented ability to control the
emergence of topological phases. By changing
the skyrmion radius, which can be achieved ex-
perimentally through an external magnetic field,
one can tune between different topological super-
conducting phases, allowing one to explore their
unique properties and the transitions between
them. In these MSH systems, Josephson scan-
ning tunneling spectroscopy spatially visualizes
one of the most crucial aspects underlying the
emergence of topological superconductivity, the
spatial structure of the induced spin-triplet cor-
relations.
The ability to create, control and manipulate topo-
logical superconducting phases is quintessential for the
realization of topological quantum computing using the
non-Abelian braiding statistics of Majorana zero modes
[1]. These modes have been observed in one- [2–6] and
two-dimensional (2D) topological superconductors [7–
9], with the latter also exhibiting chiral Majorana edge
modes [10–12]. Magnet-superconductor hybrid (MSH)
systems consisting of chains, islands or layers of magnetic
adatoms deposited on the surface of conventional s-wave
superconductors, have proven to be suitable experimental
systems for (a) the creation of topological superconduc-
tivity using atomic manipulation [6] or interface engineer-
ing techniques [11], and (b) the study of Majorana modes
using scanning tunneling spectroscopy (STS). In partic-
ular, 2D MSH systems, with their topological invariant
given by the Chern number, are predicted to exhibit a
rich topological phase diagram [13–15]. However, the ex-
perimental ability to tune between different topological
phases in 2D MSH systems, essential for exploring the
nature of topological superconductivity, has not yet been
realized.
In the following, we demonstrate that the ability to
tune between topological phases can be achieved in 2D
MSH systems containing a magnetic skyrmion lattice
by varying the skyrmion radius. As the latter can be
experimentally controlled through the application of an
external magnetic field [16], the skyrmion MSH system
presents an unprecedented opportunity to explore a rich
phase diagram of topological superconducting phases,
and the transitions between them. The underlying origin
for the ability to control the topological phases lies in
a spatially inhomogeneous Rashba spin-orbit (RSO)
interaction that is induced by the magnetic skyrmion
lattice. The induced RSO interaction images the local
topological skyrmion charge – the skyrmion number
density – and possesses a characteristic spatial signature
in the zero-energy local density of states (LDOS) which
can be observed at a topological phase transition as well
as in the LDOS of chiral Majorana edge modes. Finally,
we demonstrate that Josephson scanning tunneling
spectroscopy can be employed to visualize one of the
most fundamental aspects underlying the emergence
of topological superconductivity, the existence of in-
duced spin-triplet superconducting correlations. As 2D
skyrmion MSH systems can be built with currently
available experimental techniques, our results open
new venues for the exploration and manipulation of
topological superconductivity and Majorana zero modes.
Results
Theoretical Model. We investigate the emergence of
topological superconductivity in a 2D MSH system, in
which a magnetic skyrmion lattice (see Fig. 1a) is placed
on the surface of a conventional s-wave superconductor,
as described by the Hamiltonian
H =
∑
r,r′,σ
(−trr′ − µδr,r′) c†rσcr′σ + ∆
∑
r
(
c†r↑c
†
r↓ + H.c.
)
+ J
∑
r,α,β
Sr · c†rασαβcrβ , (1)
where c†rα creates an electron at lattice site r with spin α,
and σ is the vector of spin Pauli matrices. We consider a
triangular lattice with lattice constant a0, chemical po-
tential µ, and hopping amplitude −trr′ = −t between
nearest-neighbor sites only. ∆ is the superconducting s-
wave order parameter. The spatial spin structure of the
skyrmion lattice is encoded in Sr [see Supplementary In-
formation (SI) section 1], which represents the direction
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2FIG. 1. MSH system with a magnetic skyrmion lattice. a
Schematic picture of a skyrmion lattice. Spatial plot of b
the magnitude of the induced Rashba spin orbit interaction,
|α(r)|, c the skyrmion number density, ns(r), and d the Chern
number density C(r) for skyrmion radius R = 5a0, and pa-
rameters (µ,∆, JS) = (−5, 0.4, 0.5)t.
of an adatom’s spin located at site r, and J is its ex-
change coupling with the conduction electron spin. Note
that the creation of Majorana modes in single skyrmions
has previously been discussed in Refs.[17, 18]. As Kondo
screening is suppressed by the full superconducting gap,
the spins Sr are taken to be classical vectors of length
S. We assume that the triangular lattice of skyrmions
is commensurate with the underlying triangular surface
lattice, thus allowing the skyrmion radius R to take in-
teger and half-integer values of a0. Note that in con-
trast to earlier studies of 2D MSH systems [13–15], the
above Hamiltonian does not contain an intrinsic Rashba
spin-orbit (RSO) interaction. Moreover, due to the bro-
ken time-reversal symmetry arising from the presence of
magnetic moments, and the particle-hole symmetry of
the superconducting state, the topological superconduc-
tor belongs to class D [19].
To characterize the topological superconducting phases
of the system, we compute the topological invariant – the
Chern number C – given by
C =
1
2pii
∫
BZ
d2kTr(Pk[∂kxPk, ∂kyPk])
Pk =
∑
En(k)<0
|Ψn(k)〉〈Ψn(k)| (2)
where En(k) and |Ψn(k)〉 are the eigenenergies and the
eigenvectors of the Hamiltonian in Eq.(1), with n being
a band index, and the trace is taken over Nambu and
spin-space. Further insight into the origin underlying the
emergence of topological superconductivity in skyrmion
MSH systems can be gained by considering the spatial
structure of the skyrmion and Chern number densities,
ns(r) and C(r), respectively. The former is given by
ns(r) =
1
4pi
S(r) · [∂xS(r)× ∂yS(r)] (3)
yielding a skyrmion number ns =
∑
r ns(r). The
latter, C(r) [20, 21] (see SI section 2), represents the
real-space analog of the Berry curvature, and allows
a real space calculation of the Chern number [22, 23]
C = 1/N2
∑
r C(r) that coincides with that obtained
from Eq.(2).
Topological phase diagram. A crucial aspect for
the emergence of topological superconductivity in 2D
skyrmion MSH systems is that the magnetic skyrmion
lattice induces an effective, spatially varying Rashba
spin-orbit interaction. To demonstrate this, we apply a
unitary transformation [24] to the Hamiltonian in Eq.(1)
(see SI section 2) that rotates the local spin Sr to the
zˆ axis, yielding an out-of-plane ferromagnetic order and
a spatially inhomogeneous RSO interaction, α(r) (see
Fig.1b). α(r) possesses the same spatial structure as the
skyrmion number density, ns(r), (see Fig.1c) – reflecting
its origin in the local topological charge of the skyrmon
lattice – with its largest value, αmax = pia0t/(2R), in the
center of the skyrmion, and a vanishing α(r) at the cor-
ners of the skyrmion lattice Wigner-Seitz unit cell. The
existence of a non-zero α(r), of an out-of-plane ferromag-
netic order in the rotated basis, and of a hard s-wave
gap, satisfies all necessary requirements for the emer-
gence of topological superconductivity [13–15], resulting
in the rich topological phase diagram shown in Fig. 2.
The phase diagram in the (µ,R) plane (see Fig. 2a)
reveals the intriguing result that it is possible to tune
a skyrmion MSH system between different topological
phases by changing the skyrmion radius R, which can
be experimentally achieved through the application of
an external magnetic field [16]. This unprecedented abil-
ity arises from the facts that (a) varying the skyrmion
radius leads to changes in the induced α(r), and (b) in
contrast to MSH systems with a homogeneous ferromag-
netic structure, topological phase transitions in magnet-
ically inhomogeneous MSH systems (as given here) are
controlled not only by µ and J , but also by α. Indeed,
the results in Fig. 2a reveal that the phase transition lines
in the (µ,R) plane are determined by µ = Ai+Bi/R
2 (see
dashed lines) with constants Ai, Bi. Since αmax ∼ 1/R,
our result suggests that the induced RSO interaction
leads to an effective renormalization of the chemical
potential [17], thus facilitating the ability to tune be-
tween topological phases. This dependence of the phase
transition lines on R is also revealed when considering
the phase diagrams in the (µ, JS) plane for different
skyrmion radii (see Fig. 2b). These phase diagrams show
a very similar structure of topological phases for different
R, with the phases moving to lower values of µ with in-
creasing R. We note that the topological phases that are
3FIG. 2. Topological phase diagrams of a skyrmion MSH
system. Topological phase diagrams representing the Chern
number, C, in the a (µ,R) plane for JS = 0.5t, b (µ, JS)
planes for various skyrmion radii R, and c the (JS,R) plane
for µ = −5t and ∆ = 0.4t. Dashed lines in a represent phase
transition lines described by µ = Ai + Bi/R
2 with constants
Ai, Bi.
accessible through tuning of R strongly depend on JS
(see Fig. 2c): for sufficiently large JS, every change in
the skyrmion radius by a half-integer leads to a change
in the system’s Chern number. Thus, a rich topologi-
cal phase diagram can be accessed and explored through
changes in the skyrmion radius R.
The inhomogeneous magnetic structure of the MSH
system also allows us to reveal an intriguing connection
between the Chern number density, C(r), which is a lo-
cal marker for the topological nature of the system, and
FIG. 3. Electronic band structure at a topological phase tran-
sition. a Electronic bands at the phase transition between two
topological phases with C = 6 and C = 8 (as indicated by
the solid black dot in Fig. 2c) for R = 6a0 and parameters
(µ,∆, JS) = (−5, 0.4, 0.657)t. Shown is the Brillouin zone
(BZ) of the skyrmion lattice, i.e., the reduced BZ (RBZ) of
the underlying surface lattice. Spatial plot of b the disper-
sion Ek of the lowest energy band in the RBZ (as = 2R is the
lattice constant of the skyrmion lattice), and c the LDOS at
the phase transition, as a function of position and energy.
the Berry curvature in momentum space. In particular,
the spatial structure of C(r) (see Fig. 1d) reflects that
of the skyrmion lattice, but is complementary to that
of the induced α(r) (see Fig. 1b), with the maximum in
C(r) occurring at the corners of the skyrmion lattice unit
cell. However, it is in these regions that the lowest energy
states possess their largest spectral weight (see discussion
below), establishing a real space analogue of the obser-
vation that the lowest energy states in momentum space
in general possess the largest Berry curvature.
Electronic structure at a topological phase transi-
tion The real space structure of the induced RSO inter-
action, and hence that of the local topological skyrmion
charge, is reflected in the electronic structure of the MSH
system, and becomes particularly evident at a topolog-
ical phase transition. To demonstrate this, we consider
the transition between a C = 8 and C = 6 phase, as indi-
cated by the solid black dot in Fig. 2c. While the system
possesses a topological gap on either side of the transi-
tion, the gap at the transition closes at the K,K ′-points
(see Fig. 3a), as confirmed by a plot of the dispersion Ek
4FIG. 4. MSH system with a skyrmion ribbon. a Schematic form of a skyrmion lattice ribbon on the surface of an s-wave
superconductors. b Spatial plot of the zero energy LDOS. Inset: electronic band structure as a function of momentum, k‖
along the ribbon with a width of 27 skyrmions in the C = 3 phase. c Energy-dependent LDOS for positions from the bottom
to the top of the ribbon at x = 0 as shown in b. d Persistent supercurrents in the skyrmion ribbon. Spatial structure
of e the superconducting s-wave order parameter, ∆(r), and f the critical Josephson current Ic measured via JSTS using
an s-wave order parameter in the tip (shown area corresponds to black square in a). Spatial structure of the g real and h
imaginary part of the superconducting triplet correlations between nearest neighbor sites. Spatial structure of Ic(r) measured
via JSTS with the tip possessing a i purely real, and j purely imaginary triplet superconduting order parameter. Parameters
are (JS,∆, µ) = (0.5, 0.4,−5.5)t and R = 5a0, corresponding to the C = 3 phase, with a width of 10 skyrmions.
of the lowest energy band (see Fig. 3b) in the reduced
Brillouin zone (RBZ). This gap closing is reflected in a
unique spatial and energy structure of the zero-energy lo-
cal density of states (LDOS) [see (xy)-plane in Fig. 3c].
In particular, the spatial structure of the LDOS reveals
that the largest (smallest) spectral weight of the zero-
energy state, associated with the phase transition, is lo-
cated where the induced RSO interaction is the small-
est (largest), at the corners of the Wigner-Seitz unit cell
(the skyrmion center). Thus, the spatial pattern of the
zero-energy LDOS is complementary to that of the lo-
cal topological skyrmion charge, ns(r). Moreover, as the
topological gap in general increases with increasing RSO
interaction, we find that the large induced RSO interac-
tion in the skyrmion center leads to a dome-like region in
energy in which the LDOS is suppressed [see (x,E)- and
(y,E)-planes in Fig. 3c]. The electronic structure of the
skyrmion MSH systems also provides a unique example
to demonstrate that the multiplicity m of the momenta
in the Brillouin zone, at which the gap closing occurs, de-
termines and is equal to the change in the Chern number
at the transition. For the time-reversal invariant (TRI)
Γ,M, (K,K ′) points, the multiplicity is m = 1, 3, 2 (note
that by symmetry, a gap closing at the K point implies
a gap closing at K ′ as well), respectively, as each M
(K,K ′) point is shared by 2 (3) BZs, leading to a change
in the Chern number by ∆C = 1, 3, 2 at the transition.
Gap closings can also occur at non-TRI points, e.g., at
points along the Γ − M line (see SI section 3), which
possess a multiplicity of m = 6, resulting in a change of
the Chern number by ∆C = 6. While all of the above
gap closings exhibit a Dirac cone (see Fig. 3a), there also
exist gap closings that exhibit lines of zero-energy (see SI
section 3), rather than discrete zero energy Dirac points.
These gap closings, however, are not accompanied by a
change in the Chern number.
MSH system with a skyrmion ribbon To study the
emergence of chiral Majorana edge modes in a skyrmion
MSH system, we next consider a skyrmion ribbon placed
on the surface of an s-wave superconductor (see Fig. 4a).
In a topological phase with Chern number C, the bulk-
boundary requires that such a MSH system possess |C|
chiral Majorana edge modes per edge. These modes tra-
verse the superconducting gap and disperse linearly near
the chemical potential as a function of the momentum
along the ribbon edge, as shown in the inset of Fig. 4b
for the C = 3 phase. A spatial plot of the zero-energy
LDOS (see Fig. 4b) demonstrates that the chiral Majo-
rana mode is as expected localized along the edges of the
ribbon, and that its spatial structure is complementary
to that of the local skyrmion topological charge. The
spatial structure of the skyrmion lattice, and hence of
the induced α(r), is also reflected in the combined en-
ergy and spatial dependence of the LDOS (see Fig. 4c)
5as revealed by a line-cut of the LDOS from the bottom to
the top of the ribbon along x = 0 (left edge of Fig. 4b).
In particular, in the center of the skyrmions, where α is
the largest, the spectral weight in the LDOS is pushed
to higher energies. The spatial structure of the LDOS is
therefore similar to that exhibited by the MSH system at
a phase transition (see Fig. 3c).
In addition to the chiral Majorana edge modes, the
magnetic structure of the skyrmion ribbon leads to two
unique physical features. The first one is the spatial
form of persistent supercurrents that are induced by the
broken time-reversal symmetry. While these supercur-
rents are generally confined to the edges of an MSH sys-
tem [15], the inhomogeneous magnetic structure of the
skyrmion lattice leads to supercurrents (see SI section
4) that circulate each skyrmion, not only along the rib-
bon’s edge, but also in its interior (see Fig. 4d). These
supercurrents screen the out-of-plane component of the
local magnetic moments, similar to the case of a vor-
tex lattice, and are carried by both the in-gap and bulk
states. The second unique feature is the presence of spin-
triplet superconducting correlations which are a crucial
requirement for the emergence of topological supercon-
ductivity [15]. The development of Josephson scanning
tunneling spectroscopy (JSTS) [25–29] has provided a
unique opportunity to visualize not only these correla-
tions in real space at the atomic level, but also to inves-
tigate the effects of the inhomogeneous magnetic struc-
ture of the skyrmion lattice on the superconducting s-
wave order parameter, ∆(r) [30]. Specifically, pair break-
ing effects of the magnetic moments lead to a spatially
non-uniform suppression of ∆(r) inside the skyrmion rib-
bon (see Fig. 4e), with the largest suppression occurring
where the induced RSO interaction is the weakest. This
spatial structure of ∆(r) is well imaged by that of the
critical Josephson current, Ic(r) (see Fig. 4f), measured
via JSTS using a tip with an s-wave superconducting
order parameter [30], thus providing direct insight into
the strength of local pair breaking effects. Moreover,
the inhomogeneous magnetic structure of the skyrmion
lattice enables the emergence of superconducting spin-
triplet correlations not only in the equal-spin channels
|↑↑〉 and |↓↓〉 (corresponding to Cooper pair spin states
Sz = ±1), but also in the mixed-spin (Sz = 0) channel,
|↑↓〉+ |↓↑〉 (see SI section 5). The spatial structure of the
real and imaginary parts of these correlations in the |↑↑〉
channel are shown in Figs. 4g and h, respectively (the
correlations in the Sz = 0,−1 channels are shown in SI
section 5). These correlations are a direct consequence of
the magnetic structure of the skyrmions, and thus van-
ish outside the ribbon. To image the spatial structure
of these non-local triplet correlations, we compute Ic(r)
using an extended (2×1) JSTS tip with a superconduct-
ing triplet order parameter (see SI section 5). If the tip’s
order parameter is chosen to be either purely real (see
Fig. 4i) or purely imaginary (see Fig. 4j), the resulting
Josephson current very well images the spatial structure
of the real or imaginary parts, respectively, of the su-
perconducting triplet correlations. We note that these
triplet correlations can be imaged despite the fact that
the MSH system possesses neither a long-range nor a lo-
cal triplet superconducting order parameter. Thus JSTS
can provide unprecedented insight into the existence of
one of the most crucial aspects of topological supercon-
ductivity, the existence of spin-triplet correlations.
Discussion MSH systems containing a magnetic
skyrmion layer are suitable candidate systems to explore
a rich topological phase diagram. By varying the
skyrmion radius, which can be achieved through the
application of an external magnetic field, it is possible
to tune these systems between different topological
phases, and explore not only their unique properties,
but also the transitions between them. The origin of this
tunability lies in the spatially inhomogeneous Rashba
spin-orbit interaction, which is induced by the magnetic
skyrmion lattice and which carries a spatial signature
in the zero-energy LDOS that can be observed at a
topological phase transition. Skyrmion MSH systems
also provide a unique opportunity to employ Josephson
scanning tunneling spectroscopy to visualize one of the
most fundamental aspects underlying the emergence of
topological superconductivity, the existence of induced
spin-triplet superconducting correlations. This, in
turn, yields a new experimental approach to identifying
topological superconducting phases, a possibility that
needs to be further explored in future studies. These
results demonstrate that the tunability of the magnetic
structure in MSH systems opens a new venue for the
quantum engineering and exploration of topological
superconductivity, and the ability to engineer Majorana
zero modes and chiral Majorana edge modes. This raises
the intriguing question of whether a tuning of topological
phases, similar to the one discussed here, could also be
achieved using other non-collinear magnetic structures
[24, 31, 32].
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Section 1: Spin structure of the skyrmion lattice and the induced Rashba spin-orbit interaction
The local spin at site r in the skyrmion lattice is given by
Sr = S(sin θr cosφr, sin θr sinφr, cos θr) (S1)
with θr and φr being the polar and azimuthal angles, defined by
θr = pimin
( |r−Ri|
R
, 1
)
φr = arctan
(
y − yi
x− xi
)
(S2)
where r = (x, y), Ri = (xi, yi) is the position of the skyrmion center closest to r, and R is the skyrmion radius.
To demonstrate that the skyrmion lattice induces an effective Rashba spin-orbit interaction, we perform a local
unitary transformation that rotates the local spin Sr into the zˆ-axis, perpendicular to the plane of the MSH system.
The corresponding unitary transformation is defined via(
cr↑
cr↓
)
= Uˆr
(
dr↑
dr↓
)
(S3)
where the unitary matrix Uˆr is given by
Uˆr = exp
(
−iθr
2
zˆ × Sr
|zˆ × Sr| · σ
)
(S4)
The Hamiltonian in this basis is then given by
H =
∑
r,r′,α,β
(
−trr′Uˆ†r Uˆr′
)
αβ
d†rαdrβ + ∆
∑
r
(
d†r↑d
†
r↓ + H.c.
)
+
∑
r,α
(JSσzαα − µ)d†rαdrα (S5)
The effective hopping is
− trr′Uˆ†r Uˆr′ =
(−t˜rr′ −α∗rr′
αrr′ −t˜∗rr′
)
, (S6)
with αrr′ being the induced Rashba spin-orbit interaction.
Section 2: Chern number density in real space
Insight into the interplay between the inhomogeneous magnetic structure of the skyrmion lattice and the local
topological nature of the system can be gained by considering the spatial Chern number density [1–5] given by
C(r) =
N2
2pii
Trτ,σ[P [δxP, δyP ]]r,r . (S7)
The Chern number is then computed via C = 1/N2
∑
r C(r), and coincides with that obtained from Eq.(2) in the
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2main text. Here, Trτ,σ denotes the partial trace over spin σ and Nambu space τ ,
δiP =
Q∑
m=−Q
cme
−2piimxˆi/NPe2piimxˆi/N , (S8)
where the projector P onto the occupied bands is given by P =
∑
α=occ. |ψα〉 〈ψα| for a real-space N ×N lattice. The
cm’s are central finite difference coefficients for approximating the partial derivatives. The coefficients for positive
m can be calculated by solving the following linear set of equations for c = (c1, . . . , cQ): Aˆc = b, Aij = 2j
2i−1, bi =
δi,1, i, j ∈ {1, ..., Q}. For negative m, we have c−m = −cm. We have taken the largest possible value of Q = N/2. C(r)
as defined above thus represents the real-space analog of the Berry curvature F(k), and was previously introduced to
discuss the topological phases of Chern insulators [1] and of disordered topological superconductors [5].
An alternative form of the Chern number density can be derived by realizing that the periodicity of the skyrmion
lattice can be employed to rewrite the Hamiltonian of Eq.(1) of the main text in the following form (we consider a
hopping −t between nearest-neighbor sites only, with δ being the lattice vector between nearest neighbor sites)
H =
RBZ∑
k
∑
r
′
∑
δ,σ
(−teik·δ) c†k,r,σck,r+δ,σ − µ∑
σ
c†k,r,σck,r,σ + ∆
(
c†k,r,↑c
†
−k,r,↓ + H.c.
)
+J
∑
α,β
Sr · c†k,r,ασαβck,r,β

≡
RBZ∑
k
Ψ†kHˆ(k)Ψk . (S9)
Here, the primed sum runs over all locations of the unit cell of the skyrmion lattice, and Ψ†k,Ψk are spinors in Nambu
space, spin space, and positions r in the unit cell. Moreover, RBZ is the reduced Brillouin zone whose wave-vectors
are defined via
k =
m1
N1
b1 +
m2
N2
b2 with mi = 0, . . . ,Mi − 1 (S10)
where Mi (Ni) is the number of skyrmion unit cells (number of lattice sites) along the lattice vector ai defined via
a1 = a0(1, 0) a2 = a0(1/2,
√
3/2) , (S11)
and bi are the reciprocal lattice vectors given by
b1 =
2pi
a0
(1,−1
√
3) b2 =
2pi
a0
(0, 2/
√
3) . (S12)
Finally, the fermionic operators are defined via
c†k,r,σ =
1√
L1L2
∑
q
c†k+q,σe
iqr (S13a)
c†p,σ =
1√
N
∑
r
c†r,σe
−ipr (S13b)
where
q =
l1
L1
b1 +
l2
L2
b2 with li = 0, . . . , Li − 1 (S14a)
p =
n1
N1
b1 +
n2
N2
b2 with ni = 0, . . . , Ni − 1 , (S14b)
with N = N1N2, and Li is the length of the skyrmion unit cell (in units of a0) along ai.
In analogy to the calculation of the Chern number in Eq.(2) of the main text, we can now define the Chern number
3FIG. S1. a Spatial plot of the dispersion Ek of the lowest energy band at the phase transition between the C = −2 and C = 4
phases (see solid black line labelled a in e). b Momentum dependence of C(k) (see text) on opposite sides of the transition in
a. c Spatial plot of the dispersion Ek of the lowest energy band for a gap closing without a phase transition (see solid black
line labelled c in e) and d the corresponding C(k) on opposite sides of the gap closing. e Topological phase diagram with the
black lines indicating the gap closings presented in a and c. Parameters are R = 5a0 and ∆ = 0.4t.
density (i.e., a ”local” Chern number), by diagonalizing Hˆ(k) in Eq.(S9), yielding
C(r) =
L1L2
2pii
∫
RBZ
d2k
∑
τ,σ
〈r, τ, σ|Pk[∂kxPk, ∂kyPk]|r, τ, σ〉 (S15a)
Pk =
∑
En(k)<0
|Ψn(k)〉〈Ψn(k)| , (S15b)
where En(k) and |Ψn(k)〉 are the eigenenergies and eigenvectors of Hˆ(k), respectively, with n being a band index,
and the summation is taken over Nambu and spin-space.
Section 3: Topological Phase Transitions and Gap Closings
In the topological phase diagram of the skyrmion MSH system, we observe two different types of gap closings. The
first one occurs via a Dirac cone, with the Dirac point being located at (a) time-reversal invariant (TRI) Γ,M,K,K ′
points in the Brillouin zone (an example of this is shown in Fig.3 of the main text), or (b) at a non-time-reversal
invariant point along the Γ−M line. An example of the latter is shown in Fig. S1a, where we present the dispersion
Ek of the lowest energy band at the transition between the C = 4 and C = −2 phases (see black line labelled a in
Fig. S1e). Here, the multiplicity of the points in the BZ where the gap closes is m = 6 (as none of the points lie
on the boundary with another BZ), implying that the Chern number changes by ∆C = 6 at the transition. To gain
further insight into the nature of the topological phase transition, we rewrite the expression for the Chern number in
Eq.(2) of the main text as
C =
1
2pii
∫
BZ
d2kTr(Pk[∂kxPk, ∂kyPk]) ≡
∫
d2k C(k) (S16)
and present the momentum dependence of C(k) in Fig. S1b on either side of the transition. This plot reveals that
4the change in the Chern number by ∆C = 6 arises from the same change in C(k) near each of the gap closing points.
The second type of gap closing in the phase diagram (see black line labelled c in Fig. S1e) involves a line of momenta
along which the gap vanishes (and thus not discrete Dirac points) in the Brillouin zone, as shown in Fig. S1c. Such
a gap closing does not lead to a change in the Chern number between the topological phases adjacent to it, which
is also reflected in the momentum dependence of C(k) (see Fig. S1d), which does not show any qualitative change
between the two phases.
Section 4: Supercurrents in the skyrmion lattice
The persistent supercurrent associated with the hopping of an electron with spin σ from site rs to a nearest neighbor
site rs + δ can be computed via
Iσrs,rs+δ = −
2e
~
(−t)
∫
dω
2pi
Re[g<mn(rs, rs + δ)] , (S17)
where −t is the spin-independent hopping parameter between sites r and rs + δ, and gr,a,<mn (r, r+ δ, ω) are the (m,n)
elements in Nambu space of the retarded, advanced, or lesser Green’s function matrices. The Green’s function matrix
in Matsubara time is defined via
gˆ(rs, rs + δ, τ) = −〈TτΨrs(τ)Ψ†rs+δ(0)〉 (S18)
where the spinors are defined via
Ψ†rs =
(
c†rs,↑, c
†
rs,↓, crs,↓, crs,↑
)
. (S19)
To obtain the above Greens functions for the system, we diagonalize the real space Hamiltonian in Eq.(1) of the main
text, yielding energy eigenvalues Ek and eigenvectors umk(r). The Greens functions can then be computed using
grmn(rs, r
′
s, ω) =
∑
k
umk(rs)u
∗
nk(r
′
s)
ω − Ek + iδ (S20a)
gamn(rs, r
′
s, ω) =
∑
k
umk(rs)u
∗
nk(r
′
s)
ω − Ek − iδ (S20b)
g<mn(rs, r
′
s, ω) = −nF (ω)
∑
k
umk(rs)u
∗
nk(r
′
s)
(
1
ω − Ek + iδ −
1
ω − Ek − iδ
)
= 2piinF (ω)
∑
k
umk(rs)u
∗
nk(r
′
s)δ(ω − Ek) . (S20c)
Note that the energy eigenvalues come in pairs ±Ek, and that the summation in the above equation runs over all
eigenvalues. The elements (m,n) of the Greens function matrix used in Eq.(S17) is determined by the spin index σ
with n = m = 1 for σ =↑, and n = m = 2 for σ =↓. The total supercurrent between neighboring sites is then given
by
Irs,rs+δ = I
↑
rs,r+δ
+ I↓rs,r+δ (S21)
and is presented in Fig. 4d of the main text.
5FIG. S2. a-d Spatial structure of the superconducting triplet correlations between nearest-neighbor sites (red corresponding
to positive in +x direction) and f-i the Josephson current measured with a superconducting spin-triplet JSTS tip (for details,
see text). e Spatial structure of the local superconducting singlet correlations and j the Josephson current measured with an
s-wave JSTS tip as shown in Fig. 4 of the main text for comparison. Parameters used are (JS,∆, µ) = (0.5, 0.4,−5)t and
R = 5a0.
Section 5: Spatial imaging of spin-triplet superconducting correlations via JSTS
The spatial spin-triplet superconducting correlations between nearest-neighbor sites r and r+ δ in the equal-spin-
pairing states |↑↑〉 and |↓↓〉, and in the opposite spin-pairing state |↑↓〉+ |↓↑〉 are given by [using the definition of the
Greens function matrix and the spinor given in Eqs.(S18) and (S19), respectively]
〈cr+δ,↑cr,↑〉 = 1
2pii
∫
dω g<14(r, r+ δ, ω) ; (S22a)
〈cr+δ,↓cr,↓〉 = 1
2pii
∫
dω g<23(r, r+ δ, ω) ; (S22b)
〈cr+δ,↑cr,↓〉+ 〈cr+δ,↓cr,↑〉 = 1
2pii
∫
dω
[
g<24(r, r+ δ, ω) + g
<
13(r, r+ δ, ω)
]
. (S22c)
We are considering superconducting correlations between nearest-neighbor sites only, as would be expected, for ex-
ample, for a triplet superconductor with a (px + ipy)-wave symmetry. Similarly, the local spatial correlations in the
superconducting spin-singlet channel with s-wave symmetry are obtained via
〈cr+δ,↑cr,↓〉 − 〈cr+δ,↓cr,↑〉 = 1
2pii
∫
dω
[
g<24(r, r+ δ, ω)− g<13(r, r+ δ, ω)
]
. (S23)
The spatial form of the local superconducting correlations in the s-wave channel are shown in Fig. 4e, and for the real
and imaginary parts of 〈cr+δ,↑cr,↑〉 in Figs. 4g and h, respectively, of the main text. The real and imaginary parts of
〈cr+δ,↓cr,↓〉 and of 〈cr+δ,↑cr,↓〉+ 〈cr+δ,↓cr,↑〉 are shown in Figs. S2a, b and Figs. S2c, d, respectively.
To spatially image these correlations via JSTS, the superconducting order parameter in the JSTS tip needs to possess
the same symmetry and spin-structure as the correlations we intend to probe. For the spin-singlet, s-wave channel,
this has previously been described in Ref. [7]. In this case, a JSTS tip ending in a single site is sufficient to probe
the s-wave correlations, and the resulting spatial structure of the critical Josephson current, Ic, is shown in Fig. 4f
of the main text. In contrast, the triplet superconducting correlations are by definition odd in real space, implying
that they are non-local. To probe them via JSTS thus requires a tip that also exhibits a non-local superconducting
order parameter (similar to the case of a dx2−y2-wave order parameter, discussed in Ref. [6]). This implies that the
JSTS tip has to end in at least 2 sites from which electrons can tunnel into the system, a case we will consider in the
following (we refer to such a JSTS tip as a 2-site tip). As we have shown before [6], using tips with a larger number
6of end sites does not change our qualitative conclusions. Assuming equal-spin-pairing states |↑↑〉 and |↓↓〉, and the
opposite spin-pairing state |↑↓〉 + |↓↑〉 in the tip then leads to the following expressions for the critical Josephson
current between the tip and the system, respectively,
Ic↑↑ =
e
~
i
∑
rt,r′trs,r′s
trt,rstr′t,r′s
∫
dω
2pi
[
gr14(r
′
t, rt, ω)g
<
41(rs, r
′
s, ω) + g
<
14(r
′
t, rt, ω)g
a
41(rs, r
′
s, ω)
+gr14(r
′
s, rs, ω)g
<
41(rt, r
′
t, ω) + g
<
14(r
′
s, rs, ω)g
a
41(rt, r
′
t, ω)
]
; (S24a)
Ic↓↓ =
e
~
i
∑
rt,r′trs,r′s
trt,rstr′t,r′s
∫
dω
2pi
[
gr23(r
′
t, rt, ω)g
<
32(rs, r
′
s, ω) + g
<
23(r
′
t, rt, ω)g
a
32(rs, r
′
s, ω)
+gr23(r
′
s, rs, ω)g
<
32(rt, r
′
t, ω) + g
<
23(r
′
s, rs, ω)g
a
32(rt, r
′
t, ω)
]
; (S24b)
Ic(↑↓+↓↑) =
e
~
i
∑
rt,r′trs,r′s
trt,rstr′t,r′s
∫
dω
2pi
[
gr24(r
′
t, rt, ω)g
<
42(rs, r
′
s, ω) + g
<
24(r
′
t, rt, ω)g
a
42(rs, r
′
s, ω)
+gr24(r
′
s, rs, ω)g
<
42(rt, r
′
t, ω) + g
<
24(Rs, rs, ω)g
a
42(rt,Rt, ω) + g
r
13(r
′
t, rt, ω)g
<
31(rs, r
′
s, ω)
+g<13(r
′
t, rt, ω)g
a
31(rs, r
′
s, ω) + g
r
13(r
′
s, rs, ω)g
<
31(rt, r
′
t, ω) + g
<
13(r
′
s, rs, ω)g
a
31(rt, r
′
t, ω) .
]
(S24c)
Here, the sums over rs, r
′
s (rt, r
′
t) run over all sites in the system (the tip), with a non-zero tunneling amplitude trt,rs
(tr′t,r′s) between sites rs and rt (sites r
′
t and r
′
s). Thus, the above equations for the critical Josephson currents are
valid for an arbitrary number of sites in the tip. Moreover, we take the tunneling amplitude between sites to be the
same for all sites, i.e., trt,rs = t0 if electrons can tunnel between site rt and rs. Note that all Greens functions in
Eq.(S24) are anomalous, non-local Greens functions. Moreover, we assume that the 2-site JSTS tip is always perfectly
aligned with the bond connecting two nearest-neighbor sites in the triangular lattice. Finally, the Josephson current
is given by IJ = Ic sin(∆φ) where ∆φ is the spatially-invariant phase difference between the superconducting order
parameters in the tip and the system.
To compute the Greens function of the 2-site JSTS tip, we consider for simplicity the two cases where the triplet
superconducting order parameter in the tip is either completely real or completely imaginary. Note that in an infinitely
large square lattice with a (px + ipy)-wave superconducting order parameter, such a change in the phase of the triplet
superconducting order parameter can be achieved by rotating the lattice by pi/2. To compute the non-local anomalous
Greens function for the two sites at the tip end, we use
gr,anm(rt, r
′
t, ω) =
∫
d2k
(2pi)2
∆(k)eiki
(ω ± iδ)2 − (k)2 − |∆(k)|2 (S25a)
g<nm(rt, r
′
t, ω) = −nF (ω) [grnm(rt, r′t, ω)− ganm(rt, r′t, ω)] (S25b)
where
(k) = −2t(cos kx + cos ky)− µ ; ∆(k) = −i∆0
2
(sin kx + i sin ky) (S26)
with µ = −0.3t, ∆0 = 0.3t. The indices (n,m) denote the spin structure of the superconducting gap in the JSTS tip.
For ki = kx, the superconducting order parameter along the bond of the 2-site tip is real, for ki = ky, it is imaginary.
In Figs.4i and 4j of the main text, we denote these two cases by ∆tip = ∆p and ∆tip = i∆p, respectively. Our
results imply that by changing the phase of the superconducting order parameter in the tip, we can probe the real
and imaginary parts of the triplet superconducting correlations in the system. These results can be straightforwardly
generalized to an arbitrary complex order parameter in the tip.
In Figs. S2f and S2g we present the critical Josephson current in the |↓↓〉 channel for ∆tip = i∆p and ∆tip = ∆p,
respectively, while in Figs. S2h and S2i, we show Ic(↑↓+↓↑) in the opposite spin-pairing state |↑↓〉+ |↓↑〉 for ∆tip = i∆p
and ∆tip = ∆p, respectively. For the 2-site tip, we plot the corresponding Ic(r) as a bond quantity. For all of these
cases, the spatial form of the critical current very well images that of the superconducting triplet correlations. For
comparison, we also present the spatial structure of the superconducting s-wave order parameter, ∆(r) (see Fig. S2e)
and the corresponding Ic(r) (see Fig. S2j).
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